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UNIT -1 

 

Numerical Analysis 

Determination of roots of polynomials and transcendental equations by Newton 
Raphson, Secant and Bairstow's method.  

Polynomial Equations:  
Polynomial equations in one independent variable 'x' are a simple class of algebraic 
equations that are represented as follows:  

 

The degree polynomial has roots. These roots may be real or complex.  
Examples:  

 

 

 

 

 
 
Transcendental Equation:  
The equations include trigonometric or exponential or logarithmic functions.  
Examples:  

 



 

 
We may note that the examples are nonlinear functions.  
 
Method of solution:  

Some of the ways of finding the roots or solution of are:  

 Direct analytical methods  
 Graphical approach  
 Iterative methods etc.  

Direct analytical methods: One may be able to find a mathematical expression 
for the solution (root) of  

.  

Graphical Method: This approach involves plotting the given function and 
determining the points where it crosses the x-axis. These points, extracted 
approximately from the plot, represent approximate values of the roots of the 
function.  
Example:  

Find the positive roots of  

Rewrite      as  

 

Now consider and and plot them . 



 

The x-co-ordinate of the point of intersection of , and 
gives the required positive root of the given function. Clearly this approach is 
cumbersome and time consuming.  
 
Iterative Methods: Starting with an initial guess solution these methods generate a 
sequence of estimates to the solution which is expected to converge to the true 
solution. They are grouped into two categories :  

 (a) Bracketing methods  
 (b) Open methods  

(a)Bracketing Methods: These methods exploit the fact that a function typically 
changes sign in the vicinity of a root. They start with two initial guesses that 
bracket the root and then systematically reduce the width of the bracket until the 
solution to a desired accuracy is reached. The popular bracketing methods are: (a) 
Bisection Method, (b) False Position (or) Regula Falsi method, (c) Improved or 
modified Regula Falsi Method.  
(b)Open methods: These methods are based on formulas that require only a single 
starting (or guess) value of solution or two starting values that do not necessarily 
bracket the root. They may sometimes diverge or move away from true root as the 
computation progresses. However when the open methods converge , they do so 
much more quickly than the Bracketing methods. Some of the popular open 



methods are: (a) Secant method, (b) Newton-Raphson method, (c) Bairstow's 
method (d) Muller's method etc.  

 

 

BISECTION METHOD 
Bisection method is the simplest among all the numerical schemes to solve the 
transcendental equations. This scheme is based on the intermediate value theorem 

for continuous functions .  

Consider a transcendental equation f (x) = 0  which has a zero in the interval [a,b] 
and f (a) * f (b) < 0. Bisection scheme computes the zero, say c, by repeatedly 
halving the interval [a,b]. That is, starting with   

c = (a+b) / 2 

the interval [a,b] is replaced either with [c,b] or with [a,c] depending on the sign of 
f (a) * f (c) . This process is continued until the zero is obtained. Since the zero is 
obtained numerically the value of c may not exactly match with all the decimal 
places of the analytical solution of f (x) = 0 in the interval [a,b]. Hence any one of 
the following mechanisms can be used to stop the bisection iterations : 

the interval or the maximum error after N iterations in this case is less than | b-a | / 
2N. 

ing the condition  | ci - c i-1| (where i are the iteration number) less 
than some tolerance limit, say epsilon, fixed a priori.  

i ) | less than some tolerance limit alpha again 
fixed a priori. 

 

Algorithm - Bisection Scheme 

Given a function f (x) continuous on an interval [a,b] and f (a) * f 
(b) < 0   
Do   
       c = (a+b)/2   

http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/bisection.html
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/bisection.html


       if f (a) * f (c) < 0 then  b = c   
                             else  a = c   
while (none of the convergence criteria C1, C2 or C3 is satisfied) 

 
   
Numerical Example :  
Find a root of   f (x) = 3x + sin(x) - exp(x) = 0.   

The graph of this equation is given in the figure.  

Its clear from the graph that there are two roots, 
one lies between  0  and  0.5  and the other lies 
between 1.5 and 2.0.  

Consider  the function  f (x)  in   the   interval  [0, 
0.5]  since  f (0) * f (0.5) is less than zero.  

Then the bisection iterations are given by 

 
Iteration   

No. 
a b c f(a) * f(c) 

1 0 0.5 0.25 0.287 (+ve) 
2 0.25 0.5 0.393 -0.015 (-ve) 
3 0.65 0.393 0.34 9.69 E-3 (+ve) 
4 0.34 0.393 0.367 -7.81 E-4 (-ve) 
5 0.34 0.367 0.354 8.9 E-4 (+ve) 
6 0.354 0.367 0.3605 -3.1 E-6 (-ve) 

 

So one of the roots of 3x + sin(x) - exp(x) = 0 is approximately 0.3605. 

 

Worked out problems 

 Exapmple 1  Find a root of cos(x) - x * exp(x) = 0  Solution 

 Exapmple 2  Find a root of x4-x-10 = 0  Solution 

 Exapmple 3  Find a root of x-exp(-x) = 0  Solution 

 Exapmple 4  Find a root of exp(-x) * (x2-5x+2) + 1= 0  Solution 

 Exapmple 5  Find a root of x-sin(x)-(1/2)= 0  Solution 

http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/example1.html#exp1
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/example2.html#exp2
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/example3.html#exp3
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/example4.html#exp4
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/example5.html#exp5


 Exapmple 6  Find a root of exp(-x) = 3log(x)  Solution 

Problems to workout  

 

 

Example 1 

Consider finding the root of f(x) = x2 - 3. Let εstep = 0.01, εabs = 0.01 and start with 
the interval [1, 2]. 

Table 1. Bisection method applied to f(x) = x2 - 3. 

a b f(a) f(b) c = (a + b)/2 f(c) Update new b − a 

1.0 2.0 -2.0 1.0 1.5 -0.75 a = c 0.5 

1.5 2.0 -0.75 1.0 1.75 0.062 b = c 0.25 

1.5 1.75 -0.75 0.0625 1.625 -0.359 a = c 0.125 

1.625 1.75 -0.3594 0.0625 1.6875 -0.1523 a = c 0.0625 

1.6875 1.75 -0.1523 0.0625 1.7188 -0.0457 a = c 0.0313 

1.7188 1.75 -0.0457 0.0625 1.7344 0.0081 b = c 0.0156 

1.71988/td> 1.7344 -0.0457 0.0081 1.7266 -0.0189 a = c 0.0078 

Thus, with the seventh iteration, we note that the final interval, [1.7266, 1.7344], 
has a width less than 0.01 and |f(1.7344)| < 0.01, and therefore we chose b = 
1.7344 to be our approximation of the root. 

Example 2 

Consider finding the root of f(x) = e-x(3.2 sin(x) - 0.5 cos(x)) on the interval [3, 4], 
this time with εstep = 0.001, εabs = 0.001. 

Table 1. Bisection method applied to f(x) = e-x(3.2 sin(x) - 0.5 cos(x)). 

a b f(a) f(b) 
c = (a + b)/

2 
f(c) 

Updat

e 

new b 

− a 

3.0 4.0 0.047127 -0.038372 3.5 -0.019757 b = c 0.5 

http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/example6.html#exp6
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/bracketing%20methods/bisection/example6.html#exercise%20problems


3.0 3.5 0.047127 -0.019757 3.25 0.0058479 a = c 0.25 

3.25 3.5 0.0058479 -0.019757 3.375 -0.0086808 b = c 0.125 

3.25 3.375 0.0058479 -0.0086808 3.3125 -0.0018773 b = c 
0.062
5 

3.25 
3.312
5 

0.0058479 -0.0018773 3.2812 0.0018739 a = c 
0.031
3 

3.281
2 

3.312
5 

0.0018739 -0.0018773 3.2968 
-
0.00002479
1 

b = c 
0.015
6 

3.281
2 

3.296
8 

0.0018739 
-
0.00002479
1 

3.289 0.00091736 a = c 
0.007
8 

3.289 
3.296
8 

0.00091736 
-
0.00002479
1 

3.2929 0.00044352 a = c 
0.003
9 

3.292
9 

3.296
8 

0.00044352 
-
0.00002479
1 

3.2948 0.00021466 a = c 0.002 

3.294
8 

3.296
8 

0.00021466 
-
0.00002479
1 

3.2958 
0.00009407
7 

a = c 0.001 

3.295
8 

3.296
8 

0.00009407
7 

-
0.00002479
1 

3.2963 
0.00003479
9 

a = c 
0.000
5 

Thus, after the 11th iteration, we note that the final interval, [3.2958, 3.2968] has a 
width less than 0.001 and |f(3.2968)| < 0.001 and therefore we chose b = 3.2968 to 
be our approximation of the root. 

False Position or Regula Falsi method:  

Bisection method converges slowly. Here while defining the new interval 

the only utilization of the function is in checking whether 
but not in actually calculating the end point of the interval. False Position or 



Regular Falsi method uses not only in deciding the new interval as in 
bisection method but also in calculating one of the end points of the new interval. 

Here one of end points of say is calculated as a weighted average 

defined on previous interval as 

 

 

( have opposite signs).  

The algorithm for computing the root of function by this method is given 
below.  
Algorithm:  

Given a function continuous on an interval satisfying the criteria 

, carry out the following steps to find the root of in :  

(1) Set  
(2) For n = 0,1,2.... until convergence criteria is satisfied , do:  

(a) Compute       

(b) If  ,   then set  

otherwise set  
Note:  
Use any one of the convergence criteria discussed earlier under bisection method. 
For the sake of carrying out a comparative study we will stick both to the same 

convergence criteria as before i.e. (say) and to the 
example problems.  



Example:  

Solve for the root in the interval [1,2] by Regula-Falsi 
method:  
 

Solution: Since , we go ahead in finding the root of given 
function f(x) in [1,2].  

Set .  

 

 

 

 

set  

, proceed with iteration.  
Iteration details are provide below in a tabular form: 

 

    
Regula Falsi 

Method 
    

          

Iteration 
no.    

 

0 1.0000000000 2.0000000000 1.4782608747 -2.2348976135 

1 1.4782608747 2.0000000000 1.6198574305 -0.5488323569 

2 1.6198574305 2.0000000000 1.6517157555 -0.1169833690 



3 1.6517157555 2.0000000000 1.6583764553 -0.0241659321 

4 1.6583764553 2.0000000000 1.6597468853 -0.0049594725 

5 1.6597468853 2.0000000000 1.6600278616 -0.0010169938 

6 1.6600278616 2.0000000000 1.6600854397 -0.0002089010 

7 1.6600854397 2.0000000000 1.6600972414 -0.0000432589 

8 1.6600972414 2.0000000000 1.6600997448 -0.0000081223 

  

Note : One may note that Regula Falsi method has converged faster than the 
Bisection method.  
 
Geometric Interpretation of Regula Falsi Method:  
 
Let us plot the polynomial considered in the above example and trace , its 

movement and new intervals with iteration. From the figure(), one can 
verify that the weighted average  

 

is the point of intersection of the secant to , passing through points 

and with the x-axis. Since here is concave upward and 

increasing the secant is always above . Hence, always lies to the left of the 

zero. If were to be concave downward and increasing, would always lie to 
the right of the zero.  



 

 

  

 
Example:  

Solve for the root in the interval [0.5,1.5] by Regula Falsi 
method.  

 

    Regula Falsi Method     

          

Iteration 
no.    

 

0 0.5000000000 1.5000000000 0.8773435354 2.1035263538 

1 0.5000000000 0.8773435354 0.7222673893 0.2828366458 

2 0.5000000000 0.7222673893 0.7032044530 0.0251714624 

3 0.5000000000 0.7032044530 0.7015219927 0.0021148270 

4 0.5000000000 0.7015219927 0.7013807297 0.0001767781 



5 0.5000000000 0.7013807297 0.7013689280 0.0000148928 

6 0.5000000000 0.7013689280 0.7013679147 0.0000009526 

Exercise: 1) Solve for the root in the interval [2,3] by 
Regula-Falsi Method.  

SECANT METHOD 

The Newton-Raphson algorithm requires the evaluation of two functions (the 
function and its derivative) per each iteration. If they are complicated expressions 
it will take considerable amount of effort to do hand calculations or large amount 
of CPU time for machine calculations. Hence it is desirable to have a method that 
converges (please see the section order of the numerical methods for theoretical 
details) as fast as Newton's method yet involves 
only the evaluation of the function. Let x0 and x1 
are two initial approximations for the root 's' of 
f(x) = 0 and f(x0) & f(x1) respectively, are their 
function values. If x 2 is the point of intersection 
of x-axis and the line-joining the points (x0, f(x0)) 
and (x1, f(x1)) then x2 is closer to 's' than x0 and x1. 
The equation relating x0, x1 and x2 is found by 
considering the slope 'm' 

 

                   

m  =  

 f(x1) - f(x0)  
 f(x2) - f(x1)  

  0 - f(x1)  

 

  
=  

 

  
=  

 

 
     x1 - x0  

     x2 - x1  
   x2 - x1  

 
   

           x2 - x1  

=  

- f(x1) * (x1-

x0) 
 

      f(x1) - f(x0)  
 
   

                  x2  =  x1 

-  

f(x1) * (x1-

x0) 
 

   f(x1) - f(x0)  



 
   
or in general the iterative process can be written as  

 

xi+1= xi 

-  

  f(xi) *  (xi - xi-1 

) 

 

                       i = 

1,2,3... 
     f(xi) - f(xi-1)  

This formula is similar to Regula-falsi scheme of root bracketing methods but 
differs in the implementation. The Regula-falsi method begins with the two initial 
approximations 'a' and 'b' such that a < s < b where s is the root of      f(x) = 0. It 
proceeds to the next iteration by calculating c(x2) using the above formula and then 
chooses one of the interval (a,c) or (c,h) depending on f(a) * f(c) < 0 or > 0 
respectively. On the other hand secant method starts with two initial approximation 
x0 and x1 (they may not bracket the root) and then calculates the x2 by the same 
formula as in Regula-falsi method but proceeds to the next iteration without 
bothering about any root bracketing. 

 
   
   

 

Algorithm - Secant Method 

Given an equation f(x) = 0   
Let the initial guesses be x0 and x1   
Do   
   
   

 

xi+1= xi -  
 f(xi) * (xi - xi-1) 

         i = 1,2,3... 
    f(xi) - f(xi-1)  

while (none of the convergence criterion C1 or C2 is met) 

   



testing the condition  | xi+1 - xi | (where i is the iteration number) less 
than some tolerance limit, say epsilon, fixed apriori.   

Numerical Example : 

Find the root of  3x+sin[x]-exp[x]=0                          

Let the initial guess be 0.0 and 1.0 

f(x) = 3x+sin[x]-exp[x] 

 

i 0 1 2 3 4 5 6 

xi 0 1 0.471 0.308 0.363 0.36 0.36 

So the iterative process converges to 0.36 in six iterations.  

 

 
Worked out problems 

 Exapmple 1  Find a root of cos(x) - x * exp(x) = 0  Solution 

 Exapmple 2  Find a root of x4-x-10 = 0  Solution 

 Exapmple 3  Find a root of x-exp(-x) = 0  Solution 

 Exapmple 4  Find a root of exp(-x) * (x2-5x+2) + 1= 0  Solution 

 Exapmple 5  Find a root of x-sin(x)-(1/2)= 0  Solution 

 Exapmple 6  Find a root of exp(-x) = 3log(x)  Solution 

 

Rate of convergence of Bisection Method :- 

I know how to prove the bound on the error after k steps of the Bisection method. 

I.e.  

|τ−xk|≤(12)k−1|b−a| 

where a and b are the starting points. 

But does this imply something about the order of convergence of the Bisection 
method? I know that it converges with order at least 1, is that implied in the error 
bound? 

http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/iteration%20methods/secant/examples.html#exp1
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/iteration%20methods/secant/examples.html#exp2
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/iteration%20methods/secant/examples.html#exp3
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/iteration%20methods/secant/examples.html#exp4
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/iteration%20methods/secant/examples.html#exp5
http://mat.iitm.ac.in/home/sryedida/public_html/caimna/transcendental/iteration%20methods/secant/examples.html#exp6


Edit 

I've had a go at showing it, is what I am doing here correct when I want to 
demonstrate the order of convergence of the Bisection method? 

limk→∞|τ−xk||τ−xk−1|=(12)k−1|b−a|(12)k−2|b−a| 
=(12)k−1(12)k−2 

=12 

Show this shows linear convergence with 12 being the rate of convergence. 

Convergence of secant method:  

Definition: Say, where is the root of 

, , are the errors at n  and (n+1)  iterations and are 

the approximations of at , (n+1)  iterations. If where is 

a constant, then the rate of convergence of the method by which is generated 
is p.  
Claim: Secant method has super linear convergence.  
Proof: The iteration scheme for the secant method is given by  

 

 

Say and i.e the error in the n  iteration in estimating .  

 

Using (iii) in (ii) we get  



 

By Mean value Theorem, in the interval and s.t.  

 

 
We get  

    i.e.  
Using (iii)above, we get  

 

                 using (v), (vi), in (iv) we get  

 

 
By def of rate of convergence , the method is of order p if  

 
>From (vii) and (viii) we get  

  

i.e  

i.e   

  

From (viii), (ix) we get  



 

i.e.  

 

 

 

Hence the convergence is superlinear. 

 

Convergence of Newton-Raphson method: 

Suppose is a root of and is an estimate of s.t. 

. Then by Taylor series expansion we have,  

 

for some between and .  
By Newton-Raphson method, we know that  

 
i.e.  

 
Using(2*) in (1*) we get  

 

Say  



where denote the error in the solution at n  and (n+1)  iterations.  

 

 
Newton Raphson Method is said to have quadratic convergence.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



UNIT -2 

Systems of Linear Equations:  

  Solving by Gaussian Elimination 

Solving three-variable, three-equation linear systems is more difficult, at least 
initially, than solving the two-variable systems, because the computations involved 
are more messy. You will need to be very neat in your working, and you should 
plan to use lots of scratch paper. The method for solving these systems is an 
extension of the two-variable solving-by-addition method, so make sure you know 
this method well and can use it consistently correctly. 

Though the method of solution is based on addition/elimination, trying to do actual 
addition tends to get very messy, so there is a systematized method for solving the 
three-or-more-variables systems. This method is called "Gaussian elimination" 
(with the equations ending up in what is called "row-echelon form"). 

Let's start simple, and work our way up to messier examples. 

 Solve the following system of equations. 

5x + 4y –    z = 0 

      10y – 3z = 11 

                  z = 3 

It's fairly easy to see how to proceed in this case. I'll just back-substitute the 
z-value from the third equation into the second equation, solve the result for 
y, and then plug z and y into the first equation and solve the result for x. 

10y – 3(3) = 11 
10y – 9 = 11 
10y = 20 
y = 2 

5x + 4(2) – (3) = 0 
5x + 8 – 3 = 0 
5x + 5 = 0 
5x = –5 
x = –1 

Then the solution is (x, y, z) = (–1, 2, 3). 

http://www.purplemath.com/modules/systlin4.htm


The reason this system was easy to solve is that the system was "triangular"; this 
refers to the equations having the form of a triangle, because of the lower equations 
containing only the later variables.  

 

The point is that, in this format, the system is simple to solve. And Gaussian 
elimination is the method we'll use to convert systems to this upper triangular 
form, using the row operations we learned when we did the addition method. 

 Solve the following system of equations using Gaussian elimination. 

–3x + 2y – 6z = 6 

  5x + 7y – 5z = 6 

     x + 4y – 2z = 8 

No equation is solved for a variable, so I'll have to do the multiplication-and-
addition thing to simplify this system. In order to keep track of my work, I'll 
write down each step as I go. But I'll do my computations on scratch paper. 
Here is how I did it: 

The first thing to do is to get rid of the leading x-terms in two of the rows. 
For now, I'll just look at which rows will be easy to clear out; I can switch 
rows later to get the system into "upper triangular" form. There is no rule 
that says I have to use the x-term from the first row, and, in this case, I think 
it will be simpler to use the x-term from the third row, since its coefficient is 
simply "1". So I'll multiply the third row by 3, and add it to the first row. I 
do the computations on scratch paper: 

 

...and then I write down the results: 

 



(When we were solving two-variable systems, we could multiply a row, 
rewriting the system off to the side, and then add down. There is no space 
for this in a three-variable system, which is why we need the scratch paper.) 

Warning: Since I didn't actually do anything to the third row, I copied it 
down, unchanged, into the new matrix of equations. I used the third row, but 
I didn't actually change it. Don't confuse "using" with "changing". 

To get smaller numbers for coefficients, I'll multiply the first row by one-
half: 

 

Now I'll multiply the third row by –5 and add this to the second row. I do my 
work on scratch paper: 

 

...and then I write down the results: Copyright © Elizabeth Stapel 2003-2011 
All Rights Reserved 

 

I didn't do anything with the first row, so I copied it down unchanged. I 
worked with the third row, but I only worked on the second row, so the 
second row is updated and the third row is copied over unchanged. 

Okay, now the x-column is cleared out except for the leading term in the 
third row. So next I have to work on the y-column. 

Warning: Since the third equation has an x-term, I cannot use it on either of 
the other two equations any more (or I'll undo my progress). I can work on 
the equation, but not with it. 



If I add twice the first row to the second row, this will give me a leading 1 in 
the second row. I won't have gotten rid of the leading y-term in the second 
row, but I will have converted it (without getting involved in fractions) to a 
form that is simpler to deal with. (You should keep an eye out for this sort of 
simplification.) First I do the scratch work: 

 

...and then I write down the results: 

 

Now I can use the second row to clear out the y-term in the first row. I'll 
multiply the second row by –7 and add. First I do the scratch work: 

 

...and then I write down the results: 

 

I can tell what z is now, but, just to be thorough, I'll divide the first row by 
43. Then I'll rearrange the rows to put them in upper-triangular form: 

 

Now I can start the process of back-solving: 



y – 7(1) = –4 
y – 7 = –4 
y = 3 

x + 4(3) – 2(1) = 8 
x + 12 – 2 = 8 
x + 10 = 8 
x = –2 

Then the solution is (x, y, z) = (–2, 3, 1). 

Note: There is nothing sacred about the steps I used in solving the above system; 
there was nothing special about how I solved this system. You could work in a 
different order or simplify different rows, and still come up with the correct 
answer. These systems are sufficiently complicated that there is unlikely to be one 
right way of computing the answer. So don't stress over "how did she know to do 
that next?", because there is no rule. I just did whatever struck my fancy; I did 
whatever seemed simplest or whatever came to mind first. Don't worry if you 
would have used completely different steps. As long as each step along the way is 
correct, you'll come up with the same answer. 

 

In the above example, I could have gone further in my computations and been 
more thorough-going in my row operations, clearing out all the y-terms other than 
that in the second row and all the z-terms other than that in the first row. This is 
what the process would then have looked like: 



 

This way, I can just read off the values of x, y, and z, and I don't have to bother 
with the back-substitution. This more-complete method of solving is called 
"Gauss-Jordan elimination" (with the equations ending up in what is called 
"reduced-row-echelon form"). Many texts only go as far as Gaussian elimination, 
but I've always found it easier to continue on and do Gauss-Jordan. 

Note that I did two row operations at once in that last step before switching the 
rows. As long as I'm not working with and working on the same row in the same 
step, this is okay. In this case, I was working with the first row and working on the 
second and third rows. 

 

 

 

 

 



What is Interpolation? 

Many a times, a function  xfy   is given only at discrete points such as 

       nnnn yxyxyxyx ,,,,......,,,, 111100  .  How does one find the value of y at any other 

value of x ?  Well, a continuous function  xf  may be used to represent the 1n  

data values with  xf  passing through the 1n  points.  Then one can find the value 

of y  at any other value of x .  This is called interpolation.  Of course, if x  falls 

outside the range of x  for which the data is given, it is no longer interpolation but 

instead is called extrapolation. 

 

 

                     Figure 1   Interpolation of discrete data 
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Difference operators  

For many purposes, it is convenient to think of the symbols and defined 

earlier, as operators, which transform a given function into related functions, 
according to the laws:  

 

 

 
 
In addition, we also define the following:  

Averaging operator , denoted by and defined as  



 
Shift operator, denoted by , and defined as  

 
and the differential operator, denoted by and defined as  

 
In all these operators except D, the spacing h is implied. Positive integral powers 
of these operators are defined by iteration. Also we define the zeroeth power of any 
operator as the identity operator I, which leaves any function unchanged. For the 
operator , the power is defined for any real so that  

 

assuming the existence of . In view of the above, we also have  

 

 

 

  

  
 

 

  

  
 

 

  

 

so that       
Again  

 

 

 

  

  
 

 

  

  
 

 

  

 

giving       
Also  

 

 

 

  



  
 

 

  

  
 

 

  

 

and thus       
Moreover,  

 

 

 

  

  
 

 

  

 
and thus  

 

Hence the operators , , and , are simply expressed in terms of . From 
the above relations, we may deduce the relations  

 

 

 

 
after which the formal symbolism of elementary algebra suggests the forms  

 

 



 
and  

 

while the first form requires no explanation, the form can be interpreted 

at this stage only as representing the inverse of operator , that is, as an 

alternative notation of the operator such that  

 

whereas the derivation of the third form shows that is to represent an 

operator such that its iterate is the operator ,   

 

 

 

Forward Difference Operator : 

We define the FORWARD DIFFERENCE OPERATOR, denoted by as  

 

The expression gives the FIRST FORWARD DIFFERENCE of 

and the operator is called the FIRST FORWARD DIFFERENCE 

OPERATOR. Given the step size this formula uses the values at and the 



point at the next step. As it is moving in the forward direction, it is called the 

forward difference operator.  

 

DEFINITION 11.2.2 (Second Forward Difference Operator)   The second 

forward difference operator, is defined as  

 

We note that  

 

 

 

  

  
 

 

  

  
 

 

  

 

In particular, for we get,  

 

and  

 

DEFINITION 11.2.3 ( Forward Difference Operator)   The forward 

difference operator, is defined as  

 

 

 

  



 

  
 

  

 

 

EXERCISE 11.2.4   Show that In general, show that 

for any positive integers and with  

 

EXAMPLE 11.2.5   For the tabulated values of find and  

 

Solution: Here,  

 

 

 

 

 

  

  
 

 

  

  
  

  

  
  

  

 

 

Remark 11.2.6   Using mathematical induction, it can be shown that  



 

Thus the forward difference at uses the values at  

EXAMPLE 11.2.7   If where and are real constants, 

calculate  

Solution: We first calculate as follows:  

 

 

 

  

  
 

 

  

 

Now,  

 

 

 

 

 

 

 

Thus,    for all  

 
 

Remark 11.2.8   In general, if is a 

polynomial of degree then it can be shown that  

 



The reader is advised to prove the above statement.  

Remark 11.2.9    

1. For a set of tabular values, the horizontal forward difference table is written 
as:  

   

 

  

 

 

     

&vellip#vdot

s;      

     

      

2. In many books, a diagonal form of the difference table is also used. This is 
written as:  

         

         

         

         

         



&vellip#vdots; 
        

         

         

         

         

         

However, in the following, we shall mostly adhere to horizontal form only. 

 

 

 

Backward Difference Operator  

DEFINITION 11.2.10 (First Backward Difference Operator)   The FIRST 

BACKWARD DIFFERENCE OPERATOR, denoted by is defined as  

 

Given the step size note that this formula uses the values at and the point 

at the previous step. As it moves in the backward direction, it is called the 

backward difference operator.  

DEFINITION 11.2.11 ( Backward Difference Operator)   The 

backward difference operator, is defined as  



 

 

 

  

 

  
 

  

 

 

In particular, for we get  

 

Note that  

EXAMPLE 11.2.12   Using the tabulated values in Example 11.2.5, find 

and  

Solution: We have and  

 

 

 

  

  
  

  

  
  

  

 

 

EXAMPLE 11.2.13   If where and are real constants, 

calculate  

Solution: We first calculate as follows:  
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Now,  

 

 

 

  

 

 

 

  

 

Thus,    for all  

 
 

Remark 11.2.14   For a set of tabular values, backward difference table in the 

horizontal form is written as:  

      

      

     

&vellip#vdo

ts;      

 

  

  

 

 

 



   

EXAMPLE 11.2.15   For the following set of tabular values write the 

forward and backward difference tables.  

 

9  10  11  12  13  14  

 

5.0  5.4 6.0 6.8  7.5  8.7  

Solution: The forward difference table is written as  

 

  

    

9 5 0.4 = 5.4 - 5 0.2 = 0.6 - 0.4 0= 0.2-0.2 -.3 = -0.3 - 0.0 0.6 = 0.3 - (-0.3) 

10 5.4 0.6 0.2 -0.3 0.3   

11 6.0 0.8 -0.1 0.0     

12 6.8 0.7 -0.1       

13 7.5 0.6         

14 8.1           

In the similar manner, the backward difference table is written as follows:  

 

  

    

9 5           

10 5.4 0.4         



11 6 0.6 0.2       

12 6.8 0.8 0.2 0.0     

13 7.5 0.7 -0.1 - 0.3 -0.3   

14 8.1 0.6 -0.1 0.0 0.3 0.6  

Observe from the above two tables that , 

etc.  

EXERCISE 11.2.16    

1. Show that  

2. Prove that  

3. Obtain in terms of Hence show that  

  In general it can be shown that or  

 

Central Difference Operator  

DEFINITION 11.2.19 (Central Difference Operator)   The FIRST CENTRAL 

DIFFERENCE OPERATOR, denoted by is defined by  

 

and the #MATH5164# MATHEND000# CENTRAL DIFFERENCE 

OPERATOR is defined as  

 

 

 

  



 

  
 

  

 

 

Thus,  

In particular, for define and then  

 

Thus, uses the table of It is easy to see that only the even central 

differences use the tabular point values  

 

Shift Operator - 

DEFINITION 11.2.20 (Shift Operator)   A SHIFT OPERATOR, denoted by 

is the operator which shifts the value at the next point with step i.e.,  

 

Thus, 

 

Averaging Operator  

DEFINITION 11.2.21 (Averaging Operator)   The AVERAGING OPERATOR, 

denoted by gives the average value between two central points, i.e.,  

 



Thus and  

 

 

Relations between Difference operators  

1. We note that  

 

Thus,  

 

2. Further, Thus,  

 

Thus gives us  

 

So we write,  

 

 

Similarly,  

 



3. Let us denote by Then, we see that  

 

Thus,  

 

Recall,  

 

So, we have,  

 

That is, the action of is same as that of  

4. We further note that,  

 

 

 

  

  
 

 

  

5.  
and  

 

 

 

  



  
 

 

  

6.  
Thus,  

7.  
8. i.e.,  

9.  
10. In view of the above discussion, we have the following table showing the 

relations between various difference operators:  

  E 
   

E E 
 

 

 

 

 

 

 

 

 

  

 

 

 

   

 

EXERCISE 11.3.1    

1. Verify the validity of the above table.  
2. Obtain the relations between the averaging operator and other difference 

operators.  

3. Find and for the following tabular values:  

 

0 1 2 3 4 

 

93.0 96.5 100.0 103.5 107.0 

 

11.3 12.5 14.0 15.2 16.0 



Newton's Interpolation Formulae  

As stated earlier, interpolation is the process of approximating a given function, 

whose values are known at tabular points, by a suitable polynomial, 

of degree which takes the values at for Note that if the 

given data has errors, it will also be reflected in the polynomial so obtained.  

In the following, we shall use forward and backward differences to obtain 

polynomial function approximating when the tabular points 's are 
equally spaced. Let  

 

where the polynomial is given in the following form:  

  

    
 

(11.4.1

) 

 

for some constants to be determined using the fact that for 

 

So, for substitute in (11.4.1) to get This gives us 
Next,  

 

So, For or 

equivalently  
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Thus, Now, using mathematical induction, we get  

 

Thus,  

 

 

 

    

 

 

 

 

As this uses the forward differences, it is called NEWTON'S FORWARD 

DIFFERENCE FORMULA for interpolation, or simply, forward interpolation 

formula.  

EXERCISE 11.4.1   Show that  

   and   

and in general,  

 

For the sake of numerical calculations, we give below a convenient form of the 
forward interpolation formula.  



Let then  

 

With this transformation the above forward interpolation formula is simplified to 

the following form:  

  

    

 

  

  

 

  

    

 

(11.4.2

) 

 

 

If =1, we have a linear interpolation given by  

 

(11.4.3) 

 

 

For we get a quadratic interpolating polynomial:  

 

(11.4.4) 



 

 

and so on.  

It may be pointed out here that if is a polynomial function of degree then 

coincides with on the given interval. Otherwise, this gives only an 

approximation to the true values of  

If we are given additional point also, then the error, denoted by 

is estimated by  

 

Similarly, if we assume, is of the form  

 

then using the fact that we have  

 

   

  

  

 

  

  

 

  

  
 

    



  

 

  

 

 

Thus, using backward differences and the transformation we obtain 
the Newton's backward interpolation formula as follows:  

 

(11.4.5) 

 

 

EXERCISE 11.4.2   Derive the Newton's backward interpolation formula 

(11.4.5) for  

Remark 11.4.3   If the interpolating point lies closer to the beginning of the 

interval then one uses the Newton's forward formula and if it lies towards the end 

of the interval then Newton's backward formula is used. 

Remark 11.4.4   For a given set of n tabular points, in general, all the n points 

need not be used for interpolating polynomial. In fact N is so chosen that 

forward/backward difference almost remains constant. Thus N is less than or equal 

to n. 

EXAMPLE 11.4.5    

1. Obtain the Newton's forward interpolating polynomial, for the 
following tabular data and interpolate the value of the function at  

x 0 0.001 0.002 0.003 0.004 0.005 

y 1.121 1.123 1.1255 1.127 1.128 1.1285 
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2.  
Solution: For this data, we have the Forward difference difference table  

   

    

  

0 1.121 0.002 0.0005 -0.0015 0.002 -.0025   

.001 1.123 0.0025 -0.0010 0.0005 -0.0005     

.002 1.1255 0.0015 -0.0005 0.0       

.003 1.127 0.001 -0.0005         

.004 1.128 0.0005           

.005 1.1285             

3. Thus, for where and we get  

 

 

 

  

    
 

  

4. Thus,  

 

 

 

  



  
 

 

  

    
 

  

  
  

  

5. Using the following table for approximate its value at Also, find 

an error estimate (Note ).  

 

0.70 72 0.74 0.76 0.78   

 

0.84229 0.87707 0.91309 0.95045 0.98926   

6. Solution: As the point lies towards the initial tabular values, we 
shall use Newton's Forward formula. The forward difference table is:  

   

   

    

0.70 0.84229 0.03478 0.00124 0.0001 0.00001     

0.72 0.87707 0.03602 0.00134 0.00011       

0.74 0.91309 0.03736 0.00145         

0.76 0.95045 0.03881           

0.78 0.98926             



7. In the above table, we note that is almost constant, so we shall attempt 

degree polynomial interpolation.  

8. Note that gives Thus, using forward 

interpolating polynomial of degree we get  

9.  
10.  

 

 

 

  

    
 

  

  
  

  

11.  
An error estimate for the approximate value is  

12.  

13. Note that exact value of (upto decimal place) is and the 
approximate value, obtained using the Newton's interpolating polynomial is 
very close to this value. This is also reflected by the error estimate given 
above.  

14. Apply degree interpolation polynomial for the set of values given in 

Example 11.2.15, to estimate the value of by taking  

 

Also, find approximate value of  

Solution: Note that is closer to the values lying in the beginning of 

tabular values, while is towards the end of tabular values. 
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Therefore, we shall use forward difference formula for and the 

backward difference formula for Recall that the interpolating 

polynomial of degree is given by  

 

Therefore,  

1. for and we have This 
gives,  

 

 

 

  

  
  

  

2.  
 

3. for and we have This 
gives,  

 

 

 

  

  
  

  

4.  

Note: as is closer to we may expect estimate 

calculated using to be a better approximation.  

5. for we use the backward interpolating polynomial, which 
gives,  



 

Therefore, taking and we have 

This gives,  

 

 

 

  

  
  

  

 

 

EXERCISE 11.4.6    

1. Following data is available for a function  

x 0 0.2 0.4 0.6 0.8 1.0 

y 1.0 0.808 0.664 0.616 0.712 1.0 

2. Compute the value of the function at and  
3. The speed of a train, running between two station is measured at different 

distances from the starting station. If is the distance in from the 

starting station, then the speed (in ) of the train at the distance 
is given by the following table:  

x 0 50 100 150 200 250 



v(x) 0 60 80 110 90 0 

4. Find the approximate speed of the train at the mid point between the two 
stations.  

5. Following table gives the values of the function at the 

different values of the tabular points  

x 0 0.04 0.08 0.12 0.16 0.20 

S(x) 0 0.00003 0.00026 0.00090 0.00214 0.00419 

6. Obtain a fifth degree interpolating polynomial for Compute and 
also find an error estimate for it.  

7. Following data gives the temperatures (in ) between 8.00 am to 8.00 pm. 
on May 10, 2005 in Kanpur:  

Time 8 am 12 noon 4 pm 8pm 

Temperature 30 37 43 38 

8. Obtain Newton's backward interpolating polynomial of degree to compute 
the temperature in Kanpur on that day at 5.00 pm.  

 

Divided Differences  

DEFINITION 12.2.1 (First Divided Difference)   The ratio  

 



for any two points and is called the FIRST DIVIDED DIFFERENCE of 

relative to and It is denoted by  

Let us assume that the function is linear. Then is constant for any 

two tabular points and i.e., it is independent of and Hence,  

 

Thus, for a linear function if we take the points and then, 

i.e.,  

 

Thus,  

So, if is approximated with a linear polynomial, then the value of the function 

at any point can be calculated by using 

where is the first divided difference of relative to and  

DEFINITION 12.2.2 (Second Divided Difference)   The ratio  

 

is defined as SECOND DIVIDED DIFFERENCE of relative to and 

 

If is a second degree polynomial then is a linear function of Hence,  



 

In view of the above, for a polynomial function of degree 2, we have 

Thus,  

 

This gives,  

 

From this we obtain,  

 

So, whenever is approximated with a second degree polynomial, the value of 

at any point can be computed using the above polynomial, which uses the 

values at three points and  

EXAMPLE 12.2.3   Using the following tabular values for a function 

obtain its second degree polynomial approximation.  

 

0  1  2  

 

0.1  0.16  0.2  

 

1.12  1.24  1.40  

Also, find the approximate value of the function at  

Solution: We shall first calculate the desired divided differences.  



 

 

 

  

 

 

 

  

 

 

 

  

 

Thus,  

 

Therefore  

 

EXERCISE 12.2.4    

1. Using the following table, which gives values of corresponding to 

certain values of find approximate value of with the help of a 
second degree polynomial.  

 

322.8 324.2 325 

 

2.50893 2.51081 2.5118 

2. Show that  

 

So, 



That is, the second divided difference remains unchanged regardless of how 

its arguments are interchanged.  

3. Show that for equidistant points and 

where and  
4. Show that for a linear function, the second divided difference with respect to 

any three points, and is always zero.  

Now, we define the divided difference.  

DEFINITION 12.2.5 ( Divided Difference)   The #MATH5307# 

MATHEND000# DIVIDED DIFFERENCE of relative to the tabular points 

is defined recursively as  

 

It can be shown by mathematical induction that for equidistant points,  

 

(12.2.1) 

 

 

where, and  

In general,  

 

where and is the length of the interval for  



Remark 12.2.6   In view of the remark (11.2.18) and (12.2.1), it is easily seen that 

for a polynomial function of degree the divided difference is constant and 

the divided difference is zero. 

EXAMPLE 12.2.7   Show that can be written as  

 

Solution:By definition, we have  

 

so, Now since,  

 

we get the desired result. 

EXERCISE 12.2.8   Show that can be written in the following form: 

 

where,  

and  

Further show that for  

Remark 12.2.9   In general it can be shown that where,  
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and  

Here, is called the remainder term.  

It may be observed here that the expression is a polynomial of degree and 

for  

Further, if is a polynomial of degree then in view of the Remark 12.2.6, the 

remainder term, as it is a multiple of the divided difference, 

which is 0 . 

 

Lagrange's Interpolation formula  

In this section, we shall obtain an interpolating polynomial when the given data has 

unequal tabular points. However, before going to that, we see below an important 

result.  

THEOREM 12.3.1   The divided difference can be written as:  
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Proof. We will prove the result by induction on The result is trivially true for 

For  

 

Let us assume that the result is true for i.e.,  

 

 

 

  

    
 

  

 

Consider then the divided difference is  

 

 

 

  
 

 

    
 

 



    
 

 

 

 

which on rearranging the terms gives the desired result. Therefore, by 

mathematical induction, the proof of the theorem is complete. height6pt width 6pt 

depth 0pt  

Remark 12.3.2   In view of the theorem 12.3.1 the divided difference of a 

function remains unchanged regardless of how its arguments are 

interchanged, i.e., it is independent of the order of its arguments. 

Now, if a function is approximated by a polynomial of degree then , its 

divided difference relative to will be zero,(Remark 12.2.6) 
i.e.,  

 

Using this result, Theorem 12.3.1 gives  

    
 

 

 

    
 

 

 

or,  
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which gives ,  

 

 

 

  

  
 

 

  

  
 

 

  

  
 

 

  

 

 

Note that the expression on the right is a polynomial of degree and takes the 

value at for  

This polynomial approximation is called LAGRANGE'S INTERPOLATION 
FORMULA.  

Remark 12.3.3   In view of the Remark (12.2.9), we can observe that is 

another form of Lagrange's Interpolation polynomial formula as obtained above. 

Also the remainder term gives an estimate of error between the true value 

and the interpolated value of the function. 

Remark 12.3.4   We have seen earlier that the divided differences are independent 

of the order of its arguments. As the Lagrange's formula has been derived using 

the divided differences, it is not necessary here to have the tabular points in the 

increasing order. Thus one can use Lagrange's formula even when the points 
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are in any order, which was not possible in the case of 

Newton's Difference formulae. 

Remark 12.3.5   One can also use the Lagrange's Interpolating Formula to 

compute the value of for a given value of This is done by interchanging 

the roles of and i.e. while using the table of values, we take tabular points as 

and nodal points are taken as  

EXAMPLE 12.3.6   Using the following data, find by Lagrange's formula, the 

value of at  

 

0  1  2  3  4  

 

9.3 9.6 10.2  10.4  10.8  

 

11.40  12.80  14.70  17.00  19.80  

Also find the value of where  

Solution: To compute we first calculate the following products:  

 

 

 

  

  
 

 

  

 

 

  

 

 

 

  



 

Thus,  

 

 

 

  

    
 

  

  
  

  

 

Now to find the value of such that we interchange the roles of and 

and calculate the following products:  

  

 

 

  
 

 

 

 

 

 

 

 

 

 

Thus,the required value of is obtained as:  

  

 

  



    
 

  

  
  

  

 

 

EXERCISE 12.3.7   The following table gives the data for steam pressure vs 

temperature :  

 

360 365 373  383  390  

 

154.0  165.0  190.0  210.0  240.0  

Compute the pressure at  

EXERCISE 12.3.8   Compute from following table the value of for :  

 

5.60 5.90 6.50  6.90  7.20  

 

2.30  1.80  1.35  1.95  2.00  

Also find the value of where  

Example : Compute f(0.3) for the data 

x 0 1 3 4 7 
f 1 3 49 129 813 

using Lagrange's interpolation formula (Analytic value is 1.831) 

 
   

  (x - x1) (x - x2)(x- x3)(x - x4)   (x - x0)(x - x1) (x - x2)(x - x3)   
f(x)  =   f0+ . . . +    f4 
  (x0 - x1) (x0 - x2)(x0 - x3)(x0 - x4)   (x4 - x0)(x4 - x1)(x4 - x2)(x4 - x3)    

 
   

  (0.3 - 1)(0.3 - 3)(0.3 - 4)(0.3 - 7)   (0.3 - 0)(0.3 - 3)(0.3 - 4)(0.3 - 7)   
       =    1+    3 +  



  (-1) (-3)(-4)(-7)   1 x (-2)(-3)(-6)    
 
    

(0.3 - 0)(0.3 - 1)(0.3 - 4)(0.3 - 7)   (0.3 - 0)(0.3 - 1)(0.3 - 3)(0.3 - 7)   
  49 +   129 +  

3 x 2 x (-1)(-4)   4 x 3 x 1 (-3)   
 
    

(0.3 - 0)(0.3 - 1)(0.3 - 3)(0.3 - 4)   
813 

7 x 6 x 4 x 3   
         = 1.831 

Gauss's and Stirling's Formulas  

In case of equidistant tabular points a convenient form for interpolating polynomial 

can be derived from Lagrange's interpolating polynomial. The process involves 

renaming or re-designating the tabular points. We illustrate it by deriving the 

interpolating formula for 6 tabular points. This can be generalized for more number 

of points. Let the given tabular points be 

These six points 

in the given order are not equidistant. We re-designate them for the sake of 

convenience as follows: These 

re-designated tabular points in their given order are equidistant. Now recall from 

remark (12.3.3) that Lagrange's interpolating polynomial can also be written as :  

 

 

 

  

    
 

  

    
 

  

    
 

  

 

which on using the re-designated points give:  
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Now note that the points and are equidistant and the divided 

difference are independent of the order of their arguments. Thus, we have  

    
 

  

    
 

  

    
 

  

    
 

  

 

where for Now using the above relations and the 

transformation we get  

 

 

 

  

    
 

  



    
 

  

 

Thus we get the following form of interpolating polynomial  

 

 

 

  

    
 

(12.4.1) 

 

Similarly using the tabular points 

and the re-

designating them, as and we get another form of 

interpolating polynomial as follows:  

 

 

 

  

    
 

(12.4.2) 

 

Now taking the average of the two interpoating polynomials (12.4.1) and (12.4.2) 

(called GAUSS'S FIRST AND SECOND INTERPOLATING FORMULAS, 

respectively), we obtain Sterling's Formula of interpolation:  

 

  

    
(12.4.3

) 
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These are very helpful when, the point of interpolation lies near the middle of the 

interpolating interval. In this case one usually writes the diagonal form of the 

difference table.  

EXAMPLE 12.4.1   Using the following data, find by Sterling's formula, the 

value of at  

 

0.20  0.21  0.22  0.23  0.24  

 

1.37638  1.28919  1.20879  1.13427  1.06489  

Here the point lies near the central tabular point Thus , we 

define to get the difference 

table in diagonal form as:  

     

      

    

     

  

   

     

  

    

      



  

     

(here, 

and etc.).  

Using the Sterling's formula with we get as 

follows:  

 

 

 

  

  
 

 

  

  
  

  

 

 

Note that tabulated value of at is 1.1708496.  

EXERCISE 12.4.2   Compute from the following table the value of for 

:  

 

0.00 0.02 0.04  0.06  0.08  

 

0.00000  0.02256  0.04511  0.06762  0.09007  

 

 

 



UNIT :3 

Numerical Differentiation And Integration : 

Numerical differentiation/ integration is the process of computing the value of the 
derivative of a function, whose analytical expression is not available, but is 

specified through a set of values at certain tabular points In such 
cases, we first determine an interpolating polynomial approximating the function 
(either on the whole interval or in sub-intervals) and then differentiate/integrate 
this polynomial to approximately compute the value of the derivative at the given 
point. 

Numerical Differentiation : 

In the case of differentiation, we first write the interpolating formula on the 

interval and the differentiate the polynomial term by term to get an 
approximated polynomial to the derivative of the function. When the tabular points 
are equidistant, one uses either the Newton's Forward/ Backward Formula or 
Sterling's Formula; otherwise Lagrange's formula is used. Newton's Forward/ 
Backward formula is used depending upon the location of the point at which the 
derivative is to be computed. In case the given point is near the mid point of the 
interval, Sterling's formula can be used. We illustrate the process by taking (i) 
Newton's Forward formula, and (ii) Sterling's formula.  

Recall, that the Newton's forward interpolating polynomial is given by  

 

  

    
 

(13.2.1

) 

 

 

Differentiating (13.2.1), we get the approximate value of the first derivative at as  
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(13.2.2) 

 

where,  

Thus, an approximation to the value of first derivative at i.e. is 
obtained as :  

 

(13.2.3) 

 

 

Similarly, using Stirling's formula:  

 

 

 

  

    

 

(13.2.4) 

 

Therefore,  

 

 

 

  

    

 

(13.2.5) 



 

Thus, the derivative at is obtained as:  

(13.2.6

) 

 

 

Remark 13.2.1   Numerical differentiation using Stirling's formula is found to be 

more accurate than that with the Newton's difference formulae. Also it is more 

convenient to use. 

Now higher derivatives can be found by successively differentiating the 

interpolating polynomials. Thus e.g. using (13.2.2), we get the second derivative at 

as  

 

EXAMPLE 13.2.2   Compute from following table the value of the derivative of 

at :  

 

1.73 1.74 1.75  1.76  1.77  

 

1.772844100  1.155204006  1.737739435  1.720448638  1.703329888  

Solution: We note here that so , 

and  
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Thus, is obtained as:  

(i) Using Newton's Forward difference formula,  

 

 

 

  

    
 

  

 

(ii) Using Stirling's formula, we get:  

 

 

 

  

    

 

  

    
 

  

    
 

  

 

 

It may be pointed out here that the above table is for , whose derivative 

has the value -0.1739652000 at  

EXAMPLE 13.2.3   Using only the first term in the formula (13.2.6) show that  

 

Hence compute from following table the value of the derivative of at 

:  
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1.05 1.15 1.25  

 

2.8577  3.1582  3.4903  

Solution: Truncating the formula (13.2.6)after the first term, we get:  

 

 

 

  

  
 

 

  

  
 

 

  

 

Now from the given table, taking , we have  

 

Note the error between the computed value and the true value is 

 

EXERCISE 13.2.4   Retaining only the first two terms in the formula (13.2.3), 

show that  

 

Hence compute the derivative of at from the following table:  

 

1.15 1.20 1.25  

 

3.1582 3.3201  3.4903  

Also compare your result with the computed value in the example (13.2.3). 
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EXERCISE 13.2.5   Retaining only the first two terms in the formula (13.2.6), 

show that  

 

Hence compute from following table the value of the derivative of at 

:  

 

1.05 1.10 1.15 1.20 1.25  

 

2.8577  3.0042 3.1582 3.3201  3.4903  

EXERCISE 13.2.6   Following table gives the values of at the tabular 

points ,  

 

0.00 0.05 0.10 0.15 0.20 0.25  

 

0.00000  0.10017  0.20134 0.30452 0.41075  0.52110  

Compute (i)the derivatives and at by using the formula (13.2.2). 

(ii)the second derivative at by using the formula (13.2.6). 

Similarly, if we have tabular points which are not equidistant, one can use 

Lagrange's interpolating polynomial, which is differentiated to get an estimate of 

first derivative. We shall see the result for four tabular points and then give the 

general formula. Let be the tabular points, then the corresponding 

Lagrange's formula gives us:  
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Differentiation of the above interpolating polynomial gives:  

 

 

 

  

    
 

  

    
 

  

    
 

  

  
 

 

(13.2.7) 

 

 

In particular, the value of the derivative at is given by  

 

 

 

    
 

 

 



 

Now, generalizing Equation (13.2.7) for tabular points we get:  

 

 

 

  

 

 

EXAMPLE 13.2.7   Compute from following table the value of the derivative of 

at :  

 

0.4 0.6 0.7  

 

3.3836494  4.2442376  4.7275054  

Solution: The given tabular points are not equidistant, so we use Lagrange's 

interpolating polynomial with three points: . Now 

differentiating this polynomial the derivative of the function at is obtained 

in the following form:  

 

Note: The reader is advised to derive the above expression.  

Now, using the values from the table, we get:  
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For the sake of comparison, it may be pointed out here that the above table is for 

the function , and the value of its derivative at is  

EXERCISE 13.2.8   For the function, whose tabular values are given in the 

above example(13.2.8), compute the value of its derivative at  

Remark 13.2.9   It may be remarked here that the numerical differentiation for 

higher derivatives does not give very accurate results and so is not much 

preferred. 

 

Numerical Integration  

Numerical Integration is the process of computing the value of a definite integral, 

when the values of the integrand function, are given at some 
tabular points. As in the case of Numerical differentiation, here also the integrand 
is first replaced with an interpolating polynomial, and then the integrating 
polynomial is integrated to compute the value of the definite integral. This gives us 
'quadrature formula' for numerical integration. In the case of equidistant tabular 
points, either the Newton's formulae or Stirling's formula are used. Otherwise, one 
uses Lagrange's formula for the interpolating polynomial. We shall consider below 

the case of equidistant points:  
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A General Quadrature Formula 

Let be the nodal value at the tabular point for where 

and Now, a general quadrature formula is obtained by 

replacing the integrand by Newton's forward difference interpolating polynomial. 

Thus, we get,  

 

 

    

 

 

 

 

 

This on using the transformation gives:  

 

 

 

  

    

 

  

 

which on term by term integration gives,  

 

 

 

  

    

 

(13.3.1) 



 

For i.e., when linear interpolating polynomial is used then, we have  

 

(13.3.2) 

 

 

Similarly, using interpolating polynomial of degree 2 (i.e. ), we obtain,  

 

 

 

  

  
 

 

(13.3.3) 

 

In the above we have replaced the integrand by an interpolating polynomial over 

the whole interval and then integrated it term by term. However, this process 

is not very useful. More useful Numerical integral formulae are obtained by 

dividing the interval in sub-intervals where, for 

with  

 

Trapezoidal Rule  

Here, the integral is computed on each of the sub-intervals by using linear 

interpolating formula, i.e. for and then summing them up to obtain the 

desired integral.  

Note that  



 

Now using the formula ( 13.3.2) for on the interval we get, 

 

Thus, we have,  

 

i.e.  

 

 

 

  

  
 

 

(13.3.4) 

 

This is called TRAPEZOIDAL RULE. It is a simple quadrature formula, but is not 

very accurate.  

Remark 13.3.1   An estimate for the error in numerical integration using the 

Trapezoidal rule is given by  

 

where is the average value of the second forward differences.  
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Recall that in the case of linear function, the second forward differences is zero, 

hence, the Trapezoidal rule gives exact value of the integral if the integrand is a 

linear function. 

EXAMPLE 13.3.2   Using Trapezoidal rule compute the integral where 

the table for the values of is given below:  

 

0.0 0.1 0.2  0.3  0.4 0.5 0.6 0.7 0.8 0.9 1.0  

 

1.000

00  

1.010

05  

1.040

81  

1.094

17  

1.173

51  

1.284

02  

1.433

32  

1.632

31  

1.896

48  

2.24

79  

2.718

28  

 

Solution: Here,  

 

and  

 

Thus, 

 

Simpson's Rule  

If we are given odd number of tabular points,i.e. is even, then we can divide the 

given integral of integration in even number of sub-intervals Note that 

for each of these sub-intervals, we have the three tabular points 



and so the integrand is replaced with a quadratic interpolating polynomial. Thus 

using the formula (13.3.3), we get,  

 

In view of this, we have  

 

 

 

  

  
 

 

  

  
 

 

  

 

which gives the second quadrature formula as follows:  

 

 

 

  

    
 

  

  
 

 

(13.3.5) 

 

This is known as SIMPSON'S RULE.  

Remark 13.3.3   An estimate for the error in numerical integration using the 

Simpson's rule is given by  
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(13.3.6) 

 

 

where is the average value of the forth forward differences. 

EXAMPLE 13.3.4   Using the table for the values of as is given in 

Example 13.3.2, compute the integral by Simpson's rule. Also estimate 

the error in its calculation and compare it with the error using Trapezoidal rule.  

Solution: Here, thus we have odd number of nodal points. 

Further,  

 

and  

 

Thus, 

 

To find the error estimates, we consider the forward difference table, which is 

given below:  
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0.0  1.00000  0.01005  0.02071  0.00189 0.00149  
  

0.1  1.01005  0.03076  0.02260  0.00338 0.00171  
  

0.2  1.04081  0.05336  0.02598  0.00519  0.00243  
  

0.3  1.09417  0.07934  0.03117  0.00762  0.00320  
  

0.4  1.17351  0.11051  0.3879  0.01090  0.00459  
  

0.5  1.28402  0.14930  0.04969  0.01549 0.00658  
  

0.6  1.43332  0.19899  0.06518  0.02207 0.00964  
  

0.7  1.63231  0.26417  0.08725  0.03171 
   

0.8  1.89648  0.35142  0.11896  
    

0.9  2.24790  0.47038  
     

1.0  2.71828  
      

Thus, error due to Trapezoidal rule is,  

 

 

 

  
 

 

  
 

 

 

 

Similarly, error due to Simpson's rule is,  



  

 

  

  
 

 

  

  
 

 

  

 

It shows that the error in numerical integration is much less by using Simpson's 

rule. 

EXAMPLE 13.3.5   Compute the integral , where the table for the 

values of is given below:  

 

0.05 0.1 0.15 0.2  0.3  0.4 0.5 0.6 0.7 0.8 0.9 1.0  
 

 

0.078

5  

0.156

4  

0.233

4  

0.309

0  

0.454

0  

0.587

8  

0.707

1  

0.809

0  

0.891

0  

0.951

1  

0.987

7  

1.000

0   

 

Solution: Note that here the points are not given to be equidistant, so as such we 

can not use any of the above two formulae. However, we notice that the tabular 

points and are equidistant and so are the tabular points 

and . Now we can divide the interval in two 

subinterval: and ; thus,  

 

. The integrals then can be evaluated in each interval. We observe that the 

second set has odd number of points. Thus, the first integral is evaluated by 



using Trapezoidal rule and the second one by Simpson's rule (of course, one 

could have used Trapezoidal rule in both the subintervals).  

For the first integral and for the second one . Thus,  

 

 

 

 

 

  

    
 

  

  
  

  

 

which gives,  

 

It may be mentioned here that in the above integral, and that the 

value of the integral is . It will be interesting for the reader to compute 

the two integrals using Trapezoidal rule and compare the values. 

EXERCISE 13.3.6    

1. Using Trapezoidal rule, compute the integral where the table for 

the values of is given below. Also find an error estimate for the 
computed value.  



1.  

a=1 2 3 4 5  6 7 8 9 b=10  
 

0.095

31  

0.182

32  

0.262

36  

0.336

47  

0.405

46  

0.470

00  

0.530

63  

0.587

79  

0.641

85  

0.693

14   

3.  

 

a=1.50 1.55 1.60 1.65 1.70 1.75 b=1.80 

 

0.40546 0.43825 0.47000 0.5077 0.53063 0.55962 0.58779 

5.  

 

a = 1.0 1.5 2.0 2.5 3.0 b = 3.5   

 

1.1752 2.1293 3.6269 6.0502 10.0179 16.5426   

2. Using Simpson's rule, compute the integral Also get an error 
estimate of the computed integral.  

1. Use the table given in Exercise 13.3.6.1b.  
2.  

 

a = 0.5 1.0 1.5 2.0 2.5 3.0 b = 3.5 

 

0.493 0.946 1.325 1.605 1.778 1.849 1.833 

3. Compute the integral , where the table for the values of is 
given below:  
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0.0 0.5 0.7 0.9 1.1 1.2 1.3 1.4 1.5   

 

0.00 0.39 0.77 1.27 1.90 2.26 2.65 3.07 3.53   

Quadratic triangulation* 

Simpson's Rule may be employed in a manual way to determine the integral with nothing more than a ruler. The 
approach is to cover the domain to be integrated with a triangle or trapezium (whichever is geometrically more 

appropriate) as is shown in figure 17 . The integrand may cross the side of the trapezium (triangle) connecting the 

end points. For each arc-like region so created (there are two in figure 17 ) the maximum deviation (indicated by 

arrows in figure 17 ) from the line should be measured, as should the length of the chord joining the points of 
crossing. From Simpson's rule we may approximate the area between each of these arcs and the chord as  

area = 
2
/3 chord maxDeviation, (52)  

remembering that some increase the area while others decrease it relative to the initial 
trapezoidal (triangular) estimate. The overall estimate (ignoring linear measurement errors) will 
be O(l5), where l is the length of the (longest) chord.  

 

Newton-Cotes Integration 

 
The Newton-Cotes formulas, the most commonly used numerical integration methods, 
approximate the integration of a complicated function by replacing the function with many 
polynomials across the integration interval. The integration of the original function can then be 
obtained by summing up all polynomials whose "areas" are calculated by the weighting 
coefficients and the values of the function at the nodal points. 

Trapezoidal Rule:  
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Simpson's Rule:  

 

Simpson's 3/8 Rule:  

 

Boole's Rule:  



 

 

 

Order Differential equation :- 

Introduction  

This chapter attempts to describe a few methods for finding approximate values of 
a solution of a non-linear initial value problems. By no means, it is not an 
exhaustive study but can be looked upon as an introduction to numerical methods. 
Again, we stress that no attempt is made towards a deeper analysis. A question 
may arise: why one needs numerical methods for differential equations. Probably 
because, differential equations play an important role in many problems of 
engineering and science. This is so because the differential equations arise in 
mathematical modelling of many physical problems. The use of the numerical 
methods have become vital in the absence of explicit solutions. Normally, 
numerical methods have two major roles:  

1. the amicability of the method for easy implementation on a computer;  
2. the method allows us to deal with the analysis of error estimates.  

In this chapter, we do not enter into the aspect of error analysis. For the present, we 
deal with some of the numerical methods to find approximate value of the solution 
of initial value problems (IVP's) on finite intervals. We also mention that no effort 
is made to study the boundary value problems. Let us consider an initial value 
problem  



 

(14.1.1) 

 

 

where and are prescribed real numbers and . By 

Picard's Theorem 7.6.8, we know that under certain conditions, the initial value 

problem ( ) has a unique solution. Our aim is to determine on the interval . 

Let us also assume that our aim is to determine at . To do so, we divide the 

interval into equal parts  

 

we know the value of at . with this data and with the use of ( ), we 

determine the approximate value of at , denoted by . We repeat this 

process till we reach the point . The details are given in the ensuing 

sections.  

The number is called the step size and depends on and . For , 

the value of at is and its approximate value is denoted by . In 

this chapter, we develop methods for determining an approximate value of 

which is denoted by . This is achieved by evaluating the approximate values 

. Normally , is called the INITIAL VALUE, is 

called the FIRST STEP and are called the steps. The 

approximate value is called the approximation of the function at the step. 

The method which uses to determine is called a SINGLE STEP METHOD. 
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If the method uses more than one value of is called a MULTI-
STEP METHOD.  

In the sequel, we deal with some simple single step methods to find the 
approximate value of the solution of ( ). In these methods, our stress is on the use 
of computers for numerical evaluation. In other words, the implementation of the 
methods by using computers is one of our present aims. Each method will be 
pictorially represented by what is called a flow chart. Flow chart is a pictorial 
representation which shows the sequence of each step of the computation. Usually 
the details of both the input and the termination of the method is indicated in the 
flow chart. In short, a flow chart is a chart that shows the flow of the computation 
including the start and the termination of the method.  

Euler's Method  

For a small step size , the derivative is close enough to the ratio 

. In the Euler's method, such an approximation is attempted. To 

recall, we consider the problem ( ). Let be the step size and let 

with . Let be the approximate value of at 

. We define  

 

(14.1.2) 

 

 

The method of determination of by ( ) is called the EULER'S METHOD. For 

convenience, the value is denoted by , for .  

Remark 14.1.1    

1. Euler's method is an one-step method.  
2. The Euler's method has a few motivations.  
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1. The derivative at can be approximated by if 
is sufficiently small. Using such an approximation in ( ), we have  

 

2. We can also look at ( ) from the following point of view. The 
integration of ( ) yields  

 

The integral on the right hand side is approximated, for sufficiently 

small value of , by  

 

3. Moreover, if is differentiable sufficient number of times, we can 
also arrive at ( ) by considering the Taylor's expansion  

 

and neglecting terms that contain powers of that are greater than or 

equal to .  

We illustrate the Euler's method with an example. The example is only for 
illustration. In ( ), we do not need numerical computation at each step as we know 
the exact value of the solution. The purpose of the example is to have a feeling for 
the behaviour of the error and its estimate. It will be more transparent to look at the 
percentage of error. It may throw more light on the propagation of error.  
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EXAMPLE 14.1.2   Use Euler's algorithm to find an approximate value of , 

where is the solution of the IVP  

 

(14.1.3) 

 

 

with step sizes and Show that the exact solution of the IVP is 

. Calculate the error at each step and tabulate the results.  

Solution: Comparing the given IVP with ( ), we note that  

 

The Euler's algorithm now reads as  

 

(14.1.4) 

 

 

It is left as an exercise to verify that is a solution of the given IVP. 

So, the absolute value of the error at the step is  

 

See the Tables  and for the calculation of errors (up to places of decimal).  

  
Table  
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Initial  Initial  Step size  Approx  Exact  Error  

 

1.00000  0.10000  
   

 

1.00000 0.10000  1.10000  1.11111  
 

0.20000  1.10000  0.10000  1.22100  1.25000  0.02900  

0.30000  1.22100  0.10000  1.37008  1.42857  0.05849  

0.40000  1.37008  0.10000  1.55780  1.66667  0.10887  

0.50000  1.55780  0.10000  1.80047  2.00000  0.19953  

 
 

  
Table  

   

Initial  Initial  Step size  Approx  Exact  Error  

 

1.00000  0.05000  
   

 

1.00000 0.05000  1.05000  1.05263  
 

0.10000  1.05000  0.05000  1.10513  1.11111  0.00599  

0.15000  1.10513  0.05000  1.16619  1.17647  0.01028  

0.20000  1.16619  0.05000  1.23419  1.25000  0.01581  

0.25000  1.23419  0.05000  1.31035  1.33333  0.02298  



0.30000  1.31035  0.05000  1.39620  1.42857  0.03237  

0.35000  1.39620  0.05000  1.49367  1.53846  0.04479  

0.40000  1.49367  0.05000  1.60522  1.66667  0.06144  

0.45000  1.60522  0.05000  1.73406  1.81818  0.08412  

0.50000  1.73406  0.05000  1.88441  2.00000  0.11559  

 

Runge-Kutta Method  

Runge-Kutta Method is a more general and improvised method as compared to that 
of the Euler's method. It uses, as we shall see, Taylor's expansion of a ``smooth 
function" (thereby, we mean that the derivatives exist and are continuous up to 
certain desired order). Before we proceed further, the following questions may 
arise in our mind, which has not found place in our discussion so far.  

1. How does one choose the starting values, sometimes called starters that are 
required for implementing an algorithm?  

2. Is it desirable to change the step size (or the length of the interval) during 
the computation if the error estimates demands a change as a function of ?  

For the present, the discussion about Question is not taken up. We try to look 
more on Question in the ensuing discussion. There are many self-starter 
methods, like the Euler method which uses the initial condition. But these methods 
are normally not very efficient since the error bounds may not be ``good enough". 
We have seen in Theorem  that the local error (neglecting the rounding-off error) 

is in the Euler's algorithm. This shows that as the values of become 

smaller, the approximations improve. Moreover, the error of order , may not 
be sufficiently accurate for many problems. So, we look into a few methods where 
the error is of higher order. They are Runge-Kutta (in short R-K) methods. Let us 
analyze how the algorithm is reacher before we actually state it. To do so, we 
consider the IVP  
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Define with and . We now 

assume that and are smooth. Using Taylor's series, we now have  

 

(14.3.10) 

 
 

For consider the expression  

 

(14.3.11) 

 
 

and are constants. When , ( ) reduces to the Euler's algorithm. We 

choose and so that the local truncation error is . From the definition 

of , we have  

 

where denote the partial derivatives of with respect to 
respectively. Substituting these values in ( ), we have  

(14.3.1
2) 

 
 
A comparision of ( ) and ( ), leads to the choice of  

 

(14.3.13) 
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in order that the powers of up to match (in some sense) in the approximate 

values of . Here we note that . So, we choose and so that 
( ) is satisfied. One of the simplest solution is  

 
Thus we are lead to define  

 

(14.3.14) 

 
 

Evaluation of by ( ) is called the Runge-Kutta method of order (R-K 
method of order ).  

A few things are worthwhile to be noted in the above discussion. Firstly, we need 

the existence of partial derivatives of up to order for R-K method of order . 

For higher order methods, we need to be more smooth. Secondly, we note that 

the local truncation error (in R-K method of order ) is of order . Again, we 
remind the readers that the round-off error in the case of implementation has not 

been considered. Also, in ( ), the partial derivatives of do not appear. In short, 
we are likely to get a better accuracy in Runge-Kutta method of order in 
comparision with the Euler's method. Formally, we state the Runge-Kutta method 
of order .  

Runge-Kutta Method of Order  

For the IVP ( ) or ( ), let where is a given 

prescribed step size. For , define by  

 

EXAMPLE 14.3.1   Use the Ringe-Kutta method to find the approximate value 

of where is the solution of the IVP  
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with step sizes and Also, calculate the error and tabulate the 

results. 
Solution: Comparing the given IVP with ( ), we note that 

and . We now calculate the values of and 

from the R-K method of order and use the formula to calculate 
the approximate values. The results are shown in Tables  and .  

 
    Table          

Initial  Initial  Step size  Approx  Exact  Error 
  

 
1.00000 0.10000 1.00000 1.00000 0.00000 0.1 0.121 

 
1.00000 0.10000 1.11050 1.11111 

 
0.1 0.146531 

0.20000 1.11050 0.10000 1.23377 1.25000 0.01623 0.12332 0.18417 

0.30000 1.23377 0.10000 1.338751 1.42857 0.04106 0.15222 0.23708 

0.40000 1.38751 0.10000 1.58216 1.66667 0.08451 0.19252 0.31495 

0.50000 1.58216 0.10000 1.83589 2.00000 0.16411 0.25032 0.00627 

 
 

 
    Table          

Initial 

 

Initial 

 

Step size 

 

Approx 

 

Exact 

 
Error 

  

 
1.00000 0.05000 1.00000 1.00000 0.00000 0.05000 0.05513 

 
1.00000 0.05000 1.05256 1.05263 

 

0.05539 0.06138 

0.10000 1.05256 0.05000 1.11095 1.11111 
0.00016 

0.06171 0.06876 

0.15000 1.11095 0.05000 1.17618 1.17647 0.00029 0.06917 0.07755 

0.20000 1.17618 0.05000 1.24954 1.25000 0.00046 0.0781 0.08813 
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0.25000 1.24954 0.05000 1.33264 1.33333 0.00070 0.08880 0.10102 

0.30000 1.33264 0.05000 1.42755 1.42857 
0.00102 

0.10190 0.11696 

0.35000 1.42755 0.05000 1.53697 1.53846 
0.00149 

0.11812 0.13697 

0.40000 1.53697 0.05000 1.66451 1.66667 
0.00215 

0.13853 0.16255 

0.45000 1.66451 0.05000 1.81505 1.81818 
0.00313 

0.16472 0.19598 

0.50000 1.81505 0.05000 1.99540 2.00000 
0.00460 

0.199082 0.24079 

 

Runge-Kutta Method of Order  

We are now ready to state the algorithm for using the Runge-Kutta method of 

order . This is a generalization of the R-K method of order to higher order 

methods. Without getting into analytical details, we state the R-K method of order 

. It is widely used algorithm. For the IVPs ( ), set for 

where . Also, we set . The for 

, we define  

 

where  

 

Remark 14.3.2   The local error in the R-K method of order is  
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EXERCISE 14.3.3   Use the Runge-Kutta method of order to find an 

approximate solution of the IVP  

 
with step size . Also, calculate the error and tabulate the results.  

 

 

 

 

Predictor-Corrector Methods  

In Sections and , during the course of the discussion on the Euler's algorithm, 

the value of has been approximated to . On the other hand, we 
could have also considered its approximate value by 

. We could have thought of it to solve the IVP 
(numerically) by defining the approximations  

 

(14.4.15) 

 
 

with the initial value . An equation of the type ( ) for is called an 

implicit equation for . On many occasions solving equation ( ) could be too 

tough and so we resort to (numerical) approximate value for . Note that we 

are concentrating more on computing , for a fixed integer lying between 0 

and . To start with, we let and for , we 
define  
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(14.4.16) 

 
 

Essentially, we are trying to iterate for . we need to stop this iteration at some 

stage and then ``find the value" of and designate it as . One method of 
stopping the iteration is when  

 
is ``small" (small have means that the absolute value of the ratio is lesser than an 

assigned (previously) small number). we repeat the process with in place of 

and in place of . In general, ( ) allows us to recursively define  

 

for and . The iterated values are called 

THE INNER ITERATIONS for .  

Some more terminologies:  
Normally, an explicit method like the Euler's method or the R-K methods are 
known as open type methods or algorithms. They are readily available for 
computation and the starters are known. On the other hand, implicit method as 
described by ( ) is called closed type. Many a times, it may happen that the 
starters for the (approximate solution) for closed type method is obtained from the 

open type one. The starter for ( ) is also familiarly known as a Predictor 

whereas the value (so computed) is called a corrector. In short, we predict the 

value and correct it (by iteration) to obtain . For this reason such 
methods are called PREDICTOR-CORRECTOR MEHTODS, (in short PC 
methods). Again, we repeat that PC methods need some condition to step the inner 
iterations, usually they are:  

1. the number of iterations (called the tolerance on the number of 
iterations),  
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2. a bound on the relative error (called the tolerance on the relative error).  

As for as condition  is concerned, it simply says we do not wish to iterate beyond 
iterations, while condition  says that keep iterating till the relative error is 

small, no matter how many iterations are needed. The number is known as the 
tolerance. On occasions many use both the conditions  and  to stop the inner 
iterations, which even leads to early termination.  

With these preliminaries, we state the Predictor-Corrector algorithm.  

 

 

 

 

UNIT : 4  

Line of Best Fit (Least Square Method)  

A line of best fit is a straight line that is the best approximation of the given set of data.  

It is used to study the nature of the relation between two variables. (We're only considering the 
two-dimensional case, here.) 

A line of best fit can be roughly determined using an eyeball method by drawing a straight line 
on a scatter plot so that the number of points above the line and below the line is about equal 
(and the line passes through as many points as possible).  

A more accurate way of finding the line of best fit is the least square method.  

Use the following steps to find the equation of line of best fit for a set of ordered pairs (x1, y1), 
(x2, y2), ..., (xn, yn). 

Step 1: Calculate the mean of the x-values and the mean of the y-values.  
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Step 2: The following formula gives the slope of the line of best fit: 

   

Step 3: Compute the y-intercept of the line by using the formula:  

 

Step 4: Use the slope m and the y-intercept b to form the equation of the line.  

Example: 

Use the least square method to determine the equation of line of best fit for the data. Then plot 
the line.  

 

Solution:  

Plot the points on a coordinate plane.  
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Calculate the means of the x-values and the y-values. 

 

 

Now calculate , , , and for each i. 

 



Calculate the slope. 

 

Calculate the y-intercept.  

Use the formula to compute the y-intercept.  

 

Use the slope and y-intercept to form the equation of the line of best fit.  

The slope of the line is –1.1 and the y -intercept is 14.0.  

Therefore, the equation is y = –1.1 x + 14.0.  

Draw the line on the scatter plot.  

 

 

Discrete Data : 



A set of data is said to be discrete if the values / observations belonging to it are distinct 
and separate, i.e. they can be counted (1,2,3,....). Examples might include the number 
of kittens in a litter; the number of patients in a doctors surgery; the number of flaws in 
one metre of cloth; gender (male, female); blood group (O, A, B, AB). 

Compare continuous data. 

 

 

Categorical Data : 

A set of data is said to be categorical if the values or observations belonging to it can be 
sorted according to category. Each value is chosen from a set of non-overlapping 
categories. For example, shoes in a cupboard can be sorted according to colour: the 
characteristic 'colour' can have non-overlapping categories 'black', 'brown', 'red' and 
'other'. People have the characteristic of 'gender' with categories 'male' and 'female'. 

Categories should be chosen carefully since a bad choice can prejudice the outcome of 
an investigation. Every value should belong to one and only one category, and there 
should be no doubt as to which one. 

 

 

 

Normal Data : 

A set of data is said to be nominal if the values / observations belonging to it can be 
assigned a code in the form of a number where the numbers are simply labels. You can 
count but not order or measure nominal data. For example, in a data set males could be 
coded as 0, females as 1; marital status of an individual could be coded as Y if married, 
N if single. 

 

 

Original Data : 

A set of data is said to be ordinal if the values / observations belonging to it can be 
ranked (put in order) or have a rating scale attached. You can count and order, but not 
measure, ordinal data. 

The categories for an ordinal set of data have a natural order, for example, suppose a 
group of people were asked to taste varieties of biscuit and classify each biscuit on a 
rating scale of 1 to 5, representing strongly dislike, dislike, neutral, like, strongly like. A 
rating of 5 indicates more enjoyment than a rating of 4, for example, so such data are 
ordinal. 
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However, the distinction between neighbouring points on the scale is not necessarily 
always the same. For instance, the difference in enjoyment expressed by giving a rating 
of 2 rather than 1 might be much less than the difference in enjoyment expressed by 
giving a rating of 4 rather than 3. 

 

Continuous Data 

A set of data is said to be continuous if the values / observations belonging to it may 
take on any value within a finite or infinite interval. You can count, order and measure 
continuous data. For example height, weight, temperature, the amount of sugar in an 
orange, the time required to run a mile. 

Frequency Table : 

A frequency table is a way of summarising a set of data. It is a record of how often each 
value (or set of values) of the variable in question occurs. It may be enhanced by the 
addition of percentages that fall into each category. 

A frequency table is used to summarise categorical, nominal, and ordinal data. It may 
also be used to summarise continuous data once the data set has been divided up into 
sensible groups. 

When we have more than one categorical variable in our data set, a frequency table is 
sometimes called a contingency table because the figures found in the rows are 
contingent upon (dependent upon) those found in the columns. 

Example  

Suppose that in thirty shots at a target, a marksman makes the following scores:  

5 2 2 3 4 4 3 2 0 3 0 3 2 1 5 

1 3 1 5 5 2 4 0 0 4 5 4 4 5 5 

The frequencies of the different scores can be summarised as:  

Score  Frequency  Frequency (%)  

0 4 13% 

1 3 10% 

2 5 17% 



3 5 17% 

4 6 20% 

5 7 23% 

 

 

Pie Chart : 

A pie chart is a way of summarising a set of categorical data. It is a circle which is 
divided into segments. Each segment represents a particular category. The area of 
each segment is proportional to the number of cases in that category. 

Example  

Suppose that, in the last year a sports wear manufacturers has spent 6 million pounds on 

advertising their products; 3 million has been spent on television adverts, 2 million on 

sponsorship, 1 million on newspaper adverts, and a half million on posters. This spending can 

be summarised using a pie chart: 

 
 

 

Bar Chart : 

A bar chart is a way of summarising a set of categorical data. It is often used in 
exploratory data analysis to illustrate the major features of the distribution of the data in 
a convenient form. It displays the data using a number of rectangles, of the same width, 
each of which represents a particular category. The length (and hence area) of each 
rectangle is proportional to the number of cases in the category it represents, for 
example, age group, religious affiliation. 

Bar charts are used to summarise nominal or ordinal data. 



Bar charts can be displayed horizontally or vertically and they are usually drawn with a 
gap between the bars (rectangles), whereas the bars of a histogram are drawn 
immediately next to each other. 

 

 

 

 

 

 

Dot Plot : 

A dot plot is a way of summarising data, often used in exploratory data analysis to 
illustrate the major features of the distribution of the data in a convenient form. 

For nominal or ordinal data, a dot plot is similar to a bar chart, with the bars replaced by 
a series of dots. Each dot represents a fixed number of individuals. For continuous data, 
the dot plot is similar to a histogram, with the rectangles replaced by dots. 

A dot plot can also help detect any unusual observations (outliers), or any gaps in the 
data set. 

 

 

Histrogram: 

A histogram is a way of summarising data that are measured on an interval scale (either 
discrete or continuous). It is often used in exploratory data analysis to illustrate the 
major features of the distribution of the data in a convenient form. It divides up the range 
of possible values in a data set into classes or groups. For each group, a rectangle is 
constructed with a base length equal to the range of values in that specific group, and 



an area proportional to the number of observations falling into that group. This means 
that the rectangles might be drawn of non-uniform height. 

The histogram is only appropriate for variables whose values are numerical and 
measured on an interval scale. It is generally used when dealing with large data sets 
(>100 observations), when stem and leaf plots become tedious to construct. A 
histogram can also help detect any unusual observations (outliers), or any gaps in the 
data set. 

 

Compare bar chart. 

 

 

Number Summary : 

A 5-number summary is especially useful when we have so many data that it is 
sufficient to present a summary of the data rather than the whole data set. It consists of 
5 values: the most extreme values in the data set (maximum and minimum values), the 
lower and upper quartiles, and the median. 

A 5-number summary can be represented in a diagram known as a box and whisker 
plot. In cases where we have more than one data set to analyse, a 5-number summary 
is constructed for each, with corresponding multiple box and whisker plots. 

 

 

Outlier: 

An outlier is an observation in a data set which is far removed in value from the others 
in the data set. It is an unusually large or an unusually small value compared to the 
others. 
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An outlier might be the result of an error in measurement, in which case it will distort the 
interpretation of the data, having undue influence on many summary statistics, for 
example, the mean. 

If an outlier is a genuine result, it is important because it might indicate an extreme of 
behaviour of the process under study. For this reason, all outliers must be examined 
carefully before embarking on any formal analysis. Outliers should not routinely be 
removed without further justification. 

 

 

Symmetry : 

Symmetry is implied when data values are distributed in the same way above and below 
the middle of the sample. 

Symmetrical data sets:  

a. are easily interpreted;  
b. allow a balanced attitude to outliers, that is, those above and below the middle value ( 

median) can be considered by the same criteria;  
c. allow comparisons of spread or dispersion with similar data sets.  

Many standard statistical techniques are appropriate only for a symmetric distributional 
form. For this reason, attempts are often made to transform skew-symmetric data so 
that they become roughly symmetric. 

 

 

Skewness : 

Skewness is defined as asymmetry in the distribution of the sample data values. Values 
on one side of the distribution tend to be further from the 'middle' than values on the 
other side. 

For skewed data, the usual measures of location will give different values, for example, 
mode<median<mean would indicate positive (or right) skewness. 

Positive (or right) skewness is more common than negative (or left) skewness. 

If there is evidence of skewness in the data, we can apply transformations, for example, 
taking logarithms of positive skew data. 

Compare symmetry. 
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Transformation And Normality: 

If there is evidence of marked non-normality then we may be able to remedy this by 
applying suitable transformations. 

The more commonly used transformations which are appropriate for data which are 
skewed to the right with increasing strength (positive skew) are 1/x, log(x) and sqrt(x), 
where the x's are the data values. 

The more commonly used transformations which are appropriate for data which are 
skewed to the left with increasing strength (negative skew) are squaring, cubing, and 
exp(x). 

 

 

Scatter Plot : 

A scatterplot is a useful summary of a set of bivariate data (two variables), usually 
drawn before working out a linear correlation coefficient or fitting a regression line. It 
gives a good visual picture of the relationship between the two variables, and aids the 
interpretation of the correlation coefficient or regression model. 

Each unit contributes one point to the scatterplot, on which points are plotted but not 
joined. The resulting pattern indicates the type and strength of the relationship between 
the two variables. 

 

Illustrations  

a. The more the points tend to cluster around a straight line, the stronger the linear 
relationship between the two variables (the higher the correlation).  

b. If the line around which the points tends to cluster runs from lower left to upper right, the 
relationship between the two variables is positive (direct).  

c. If the line around which the points tends to cluster runs from upper left to lower right, the 
relationship between the two variables is negative (inverse).  



d. If there exists a random scatter of points, there is no relationship between the two 
variables (very low or zero correlation).  

e. Very low or zero correlation could result from a non-linear relationship between the 
variables. If the relationship is in fact non-linear (points clustering around a curve, not a 
straight line), the correlation coefficient will not be a good measure of the strength.  

A scatterplot will also show up a non-linear relationship between the two variables and 
whether or not there exist any outliers in the data. 

More information can be added to a two-dimensional scatterplot - for example, we might 
label points with a code to indicate the level of a third variable. 

If we are dealing with many variables in a data set, a way of presenting all possible 
scatter plots of two variables at a time is in a scatterplot matrix. 

 

 

Mean : 

The sample mean is an estimator available for estimating the population mean . It is a 

measure of location, commonly called the average, often symbolised . 

Its value depends equally on all of the data which may include outliers. It may not 
appear representative of the central region for skewed data sets. 

It is especially useful as being representative of the whole sample for use in subsequent 
calculations. 

Example  

Lets say our data set is: 5 3 54 93 83 22 17 19.  

The sample mean is calculated by taking the sum of all the data values and dividing by the total 

number of data values:  

 

See also expected value. 

 

 

Median : 

The median is the value halfway through the ordered data set, below and above which 
there lies an equal number of data values. 
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It is generally a good descriptive measure of the location which works well for skewed 
data, or data with outliers. 

The median is the 0.5 quantile. 

Example  

With an odd number of data values, for example 21, we have:  

Data 

 

96 48 27 72 39 70 7 68 99 36 95 4 6 13 34 74 65 42 28 54 69 

Ordered Data 

 

4 6 7 13 27 28 34 36 39 42 48 54 65 68 69 70 72 74 95 96 99 

Median 

 

48, leaving ten values below and ten values above 

 

With an even number of data values, for example 20, we have:  

Data 

 

57 55 85 24 33 49 94 2 8 51 71 30 91 6 47 50 65 43 41 7 

Ordered 

Data 
 

2 6 7 8 24 30 33 41 43 47 49 50 51 55 57 65 71 85 91 94 

Median 

 

Halfway between the two 'middle' data points - in this case halfway between 47 

and 49, and so the median is 48 

 

Mode : 

The mode is the most frequently occurring value in a set of discrete data. There can be 
more than one mode if two or more values are equally common. 

Example  

Suppose the results of an end of term Statistics exam were distributed as follows:  

Student: Score: 

1 94 

2 81 

3 56 
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4 90 

5 70 

6 65 

7 90 

8 90 

9 30 

Then the mode (most common score) is 90, and the median (middle score) is 81.  

 

 

Dispersion : 

The data values in a sample are not all the same. This variation between values is 
called dispersion. 

When the dispersion is large, the values are widely scattered; when it is small they are 
tightly clustered. The width of diagrams such as dot plots, box plots, stem and leaf plots 
is greater for samples with more dispersion and vice versa. 

There are several measures of dispersion, the most common being the standard 
deviation. These measures indicate to what degree the individual observations of a data 
set are dispersed or 'spread out' around their mean. 

In manufacturing or measurement, high precision is associated with low dispersion. 

 

 

Range : 

The range of a sample (or a data set) is a measure of the spread or the dispersion of 
the observations. It is the difference between the largest and the smallest observed 
value of some quantitative characteristic and is very easy to calculate. 

A great deal of information is ignored when computing the range since only the largest 
and the smallest data values are considered; the remaining data are ignored. 

The range value of a data set is greatly influenced by the presence of just one unusually 
large or small value in the sample (outlier). 

Examples  
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1. The range of 65,73,89,56,73,52,47 is 89-47 = 42.  
2. If the highest score in a 1st year statistics exam was 98 and the lowest 48, then the 

range would be 98-48 = 50.  

Inter-Quartile Range (IQR) 

The inter-quartile range is a measure of the spread of or dispersion within a data set. 

It is calculated by taking the difference between the upper and the lower quartiles. For 
example: 

Data 

 

2 3 4 5 6 6 6 7 7 8 9 

Upper quartile 

 

7 

Lower quartile 

 

4 

IQR 

 

7 - 4 = 3 

The IQR is the width of an interval which contains the middle 50% of the sample, so it is 
smaller than the range and its value is less affected by outliers. 

 

 

 

 

Quantiles : 

Quantiles are a set of 'cut points' that divide a sample of data into groups containing (as 
far as possible) equal numbers of observations. 

Examples of quantiles include quartile, quintile, percentile. 

 

Percentiles : 

 

Percentiles are values that divide a sample of data into one hundred groups containing (as far 

as possible) equal numbers of observations. For example, 30% of the data values lie below the 

30th percentile. 

See quantile.  
Compare quintile, quartile. 
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Quartiles : 

Quartiles are values that divide a sample of data into four groups containing (as far as 
possible) equal numbers of observations. 

A data set has three quartiles. References to quartiles often relate to just the outer two, 
the upper and the lower quartiles; the second quartile being equal to the median. The 
lower quartile is the data value a quarter way up through the ordered data set; the upper 
quartile is the data value a quarter way down through the ordered data set. 

Example  

Data 

 

6 47 49 15 43 41 7 39 43 41 36 

Ordered Data 

 

6 7 15 36 39 41 41 43 43 47 49 

Median 

 

41 

Upper quartile 

 

43 

Lower quartile 

 

15 

See quantile.  
Compare percentile, quintile. 

 

 

Quintiles : 

Quintiles are values that divide a sample of data into five groups containing (as far as 
possible) equal numbers of observations. 

See quantile.  
Compare quartile, percentile. 

 

 

Sample Variance : 

Sample variance is a measure of the spread of or dispersion within a set of sample 
data. 
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The sample variance is the sum of the squared deviations from their average divided by one 

less than the number of observations in the data set. For example, for n observations x1, x2, x3, 

... , xn with sample mean  

 

the sample variance is given by  

 

See also variance. 

 

 

Standard Deviation : 

Standard deviation is a measure of the spread or dispersion of a set of data. 

It is calculated by taking the square root of the variance and is symbolised by s.d, or s. In other 

words  

 

The more widely the values are spread out, the larger the standard deviation. For 
example, say we have two separate lists of exam results from a class of 30 students; 
one ranges from 31% to 98%, the other from 82% to 93%, then the standard deviation 
would be larger for the results of the first exam. 

 

 

Coefficient of variation : 

The coefficient of variation measures the spread of a set of data as a proportion of its 
mean. It is often expressed as a percentage. 

It is the ratio of the sample standard deviation to the sample mean:  

 

There is an equivalent definition for the coefficient of variation of a population, which is 
based on the expected value and the standard deviation of a random variable. 
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UNIT : 5 

Hypothesis Testing : 

Setting up and testing hypotheses is an essential part of statistical inference. In 
order to formulate such a test, usually some theory has been put forward, either 
because it is believed to be true or because it is to be used as a basis for argument, 
but has not been proved, for example, claiming that a new drug is better than the 
current drug for treatment of the same symptoms. 

In each problem considered, the question of interest is simplified into two 
competing claims / hypotheses between which we have a choice; the null 
hypothesis, denoted H0, against the alternative hypothesis, denoted H1. These two 
competing claims / hypotheses are not however treated on an equal basis: special 
consideration is given to the null hypothesis. 



We have two common situations: 

1. The experiment has been carried out in an attempt to disprove or reject a 
particular hypothesis, the null hypothesis, thus we give that one priority so it 
cannot be rejected unless the evidence against it is sufficiently strong. For 
example,  
H0: there is no difference in taste between coke and diet coke  

against  

H1: there is a difference. 

 

2. If one of the two hypotheses is 'simpler' we give it priority so that a more 
'complicated' theory is not adopted unless there is sufficient evidence against 
the simpler one. For example, it is 'simpler' to claim that there is no 
difference in flavour between coke and diet coke than it is to say that there is 
a difference.  

The hypotheses are often statements about population parameters like expected 
value and variance; for example H0 might be that the expected value of the height 
of ten year old boys in the Scottish population is not different from that of ten year 
old girls. A hypothesis might also be a statement about the distributional form of a 
characteristic of interest, for example that the height of ten year old boys is 
normally distributed within the Scottish population. 

The outcome of a hypothesis test test is "Reject H0 in favour of H1" or "Do not 
reject H0". 

 

 

 

Null Hypothesis: 

The null hypothesis, H0, represents a theory that has been put forward, either 

because it is believed to be true or because it is to be used as a basis for argument, 

but has not been proved. For example, in a clinical trial of a new drug, the null 



hypothesis might be that the new drug is no better, on average, than the current 

drug. We would write  

H0: there is no difference between the two drugs on average. 

We give special consideration to the null hypothesis. This is due to the fact that the 
null hypothesis relates to the statement being tested, whereas the alternative 
hypothesis relates to the statement to be accepted if / when the null is rejected. 

The final conclusion once the test has been carried out is always given in terms of 
the null hypothesis. We either "Reject H0 in favour of H1" or "Do not reject H0"; 
we never conclude "Reject H1", or even "Accept H1". 

If we conclude "Do not reject H0", this does not necessarily mean that the null 
hypothesis is true, it only suggests that there is not sufficient evidence against H0 
in favour of H1. Rejecting the null hypothesis then, suggests that the alternative 
hypothesis may be true. 

See also hypothesis test. 

 

 

Alternative Hypothesis : 

The alternative hypothesis, H1, is a statement of what a statistical hypothesis test is 

set up to establish. For example, in a clinical trial of a new drug, the alternative 

hypothesis might be that the new drug has a different effect, on average, compared 

to that of the current drug. We would write  

H1: the two drugs have different effects, on average.  

The alternative hypothesis might also be that the new drug is better, on average, 

than the current drug. In this case we would write  

H1: the new drug is better than the current drug, on average. 

The final conclusion once the test has been carried out is always given in terms of 
the null hypothesis. We either "Reject H0 in favour of H1" or "Do not reject H0". 
We never conclude "Reject H1", or even "Accept H1". 
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If we conclude "Do not reject H0", this does not necessarily mean that the null 
hypothesis is true, it only suggests that there is not sufficient evidence against H0 
in favour of H1. Rejecting the null hypothesis then, suggests that the alternative 
hypothesis may be true. 

 

 

Simple Hypothesis: 

A simple hypothesis is a hypothesis which specifies the population distribution 
completely. 

Examples  
1. H0: X ~ Bi(100,1/2), i.e. p is specified  

2. H0: X ~ N(5,20), i.e. µ and are specified  

See also composite hypothesis. 

 

 

Composite Hypothesis : 

A composite hypothesis is a hypothesis which does not specify the population 
distribution completely. 

Examples  
1. X ~ Bi(100,p) and H1: p > 0.5  

2. X ~ N(0, ) and H1: unspecified 

See also simple hypothesis. 

 

 

Type I Error : 

In a hypothesis test, a type I error occurs when the null hypothesis is rejected when 
it is in fact true; that is, H0 is wrongly rejected.  

http://www.stats.gla.ac.uk/steps/glossary/hypothesis_testing.html#comphyp
http://www.stats.gla.ac.uk/steps/glossary/hypothesis_testing.html#simplehyp


For example, in a clinical trial of a new drug, the null hypothesis might be that the 

new drug is no better, on average, than the current drug; i.e.  

H0: there is no difference between the two drugs on average. 

A type I error would occur if we concluded that the two drugs produced different 

effects when in fact there was no difference between them. 

The following table gives a summary of possible results of any hypothesis test:  

 

Decision 

Reject H0 Don't reject H0 

Truth 

H0 Type I Error Right decision 

H1 Right decision Type II Error 

A type I error is often considered to be more serious, and therefore more important 

to avoid, than a type II error. The hypothesis test procedure is therefore adjusted so 

that there is a guaranteed 'low' probability of rejecting the null hypothesis wrongly; 

this probability is never 0. This probability of a type I error can be precisely 

computed as  

P(type I error) = significance level =  

The exact probability of a type II error is generally unknown. 

If we do not reject the null hypothesis, it may still be false (a type II error) as the 
sample may not be big enough to identify the falseness of the null hypothesis 
(especially if the truth is very close to hypothesis). 

For any given set of data, type I and type II errors are inversely related; the smaller 
the risk of one, the higher the risk of the other. 

A type I error can also be referred to as an error of the first kind. 



 

 

Type II Error : 

In a hypothesis test, a type II error occurs when the null hypothesis H0, is not 

rejected when it is in fact false. For example, in a clinical trial of a new drug, the 

null hypothesis might be that the new drug is no better, on average, than the current 

drug; i.e.  

H0: there is no difference between the two drugs on average. 

A type II error would occur if it was concluded that the two drugs produced the 

same effect, i.e. there is no difference between the two drugs on average, when in 

fact they produced different ones. 

A type II error is frequently due to sample sizes being too small. 

The probability of a type II error is generally unknown, but is symbolised by and 

written  

P(type II error) =  

A type II error can also be referred to as an error of the second kind. 

Compare type I error.  
See also power. 

 

 

Test Statistics: 

A test statistic is a quantity calculated from our sample of data. Its value is used to 
decide whether or not the null hypothesis should be rejected in our hypothesis test. 

The choice of a test statistic will depend on the assumed probability model and the 
hypotheses under question. 
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Critical Values: 

The critical value(s) for a hypothesis test is a threshold to which the value of the 
test statistic in a sample is compared to determine whether or not the null 
hypothesis is rejected. 

The critical value for any hypothesis test depends on the significance level at 
which the test is carried out, and whether the test is one-sided or two-sided. 

See also critical region. 

 

 

Critical Region : 

The critical region CR, or rejection region RR, is a set of values of the test statistic 
for which the null hypothesis is rejected in a hypothesis test. That is, the sample 
space for the test statistic is partitioned into two regions; one region (the critical 
region) will lead us to reject the null hypothesis H0, the other will not. So, if the 
observed value of the test statistic is a member of the critical region, we conclude 
"Reject H0"; if it is not a member of the critical region then we conclude "Do not 
reject H0". 

See also critical value.  
See also test statistic. 

 

 

Significance – Level : 

The significance level of a statistical hypothesis test is a fixed probability of 
wrongly rejecting the null hypothesis H0, if it is in fact true. 

It is the probability of a type I error and is set by the investigator in relation to the 
consequences of such an error. That is, we want to make the significance level as 
small as possible in order to protect the null hypothesis and to prevent, as far as 
possible, the investigator from inadvertently making false claims. 
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The significance level is usually denoted by  

Significance Level = P(type I error) =  

Usually, the significance level is chosen to be 0.05 (or equivalently, 5%). 

 

 

One –Sided Test : 

A one-sided test is a statistical hypothesis test in which the values for which we 
can reject the null hypothesis, H0 are located entirely in one tail of the probability 
distribution. 

In other words, the critical region for a one-sided test is the set of values less than 
the critical value of the test, or the set of values greater than the critical value of the 
test. 

A one-sided test is also referred to as a one-tailed test of significance. 

The choice between a one-sided and a two-sided test is determined by the purpose 
of the investigation or prior reasons for using a one-sided test. 

Example  

Suppose we wanted to test a manufacturers claim that there are, on average, 50 

matches in a box. We could set up the following hypotheses  

H0: µ = 50,  

against  

H1: µ < 50 or H1: µ > 50  

Either of these two alternative hypotheses would lead to a one-sided test. 

Presumably, we would want to test the null hypothesis against the first alternative 

hypothesis since it would be useful to know if there is likely to be less than 50 

matches, on average, in a box (no one would complain if they get the correct 

number of matches in a box or more). 



Yet another alternative hypothesis could be tested against the same null, leading 

this time to a two-sided test:  

H0: µ = 50,  

against  

H1: µ not equal to 50  

Here, nothing specific can be said about the average number of matches in a box; 

only that, if we could reject the null hypothesis in our test, we would know that the 

average number of matches in a box is likely to be less than or greater than 50. 

 

 

Two –sided test : 

A two-sided test is a statistical hypothesis test in which the values for which we 
can reject the null hypothesis, H0 are located in both tails of the probability 
distribution. 

In other words, the critical region for a two-sided test is the set of values less than a 
first critical value of the test and the set of values greater than a second critical 
value of the test. 

A two-sided test is also referred to as a two-tailed test of significance. 

The choice between a one-sided test and a two-sided test is determined by the 
purpose of the investigation or prior reasons for using a one-sided test. 

Example  

Suppose we wanted to test a manufacturers claim that there are, on average, 50 

matches in a box. We could set up the following hypotheses  

H0: µ = 50,  

against  

H1: µ < 50 or H1: µ > 50  



Either of these two alternative hypotheses would lead to a one-sided test. 

Presumably, we would want to test the null hypothesis against the first alternative 

hypothesis since it would be useful to know if there is likely to be less than 50 

matches, on average, in a box (no one would complain if they get the correct 

number of matches in a box or more). 

Yet another alternative hypothesis could be tested against the same null, leading 

this time to a two-sided test:  

H0: µ = 50,  

against  

H1: µ not equal to 50  

Here, nothing specific can be said about the average number of matches in a box; 

only that, if we could reject the null hypothesis in our test, we would know that the 

average number of matches in a box is likely to be less than or greater than 50. 

 

 

One Sample t –test: 

A one sample t-test is a hypothesis test for answering questions about the mean 
where the data are a random sample of independent observations from an 

underlying normal distribution N(µ, ), where is unknown. 

The null hypothesis for the one sample t-test is:  

H0: µ = µ0, where µ0 is known. 

That is, the sample has been drawn from a population of given mean and unknown 
variance (which therefore has to be estimated from the sample). 

This null hypothesis, H0 is tested against one of the following alternative 

hypotheses, depending on the question posed:  

H1: µ is not equal to µ  

H1: µ > µ  

H1: µ < µ  



 

 

Two Sample t-test: 

A two sample t-test is a hypothesis test for answering questions about the mean 

where the data are collected from two random samples of independent 

observations, each from an underlying normal distribution:  

 

When carrying out a two sample t-test, it is usual to assume that the variances for 

the two populations are equal, i.e.  

 

The null hypothesis for the two sample t-test is:  

H0: µ1 = µ2  

That is, the two samples have both been drawn from the same population. This null 

hypothesis is tested against one of the following alternative hypotheses, depending 

on the question posed.  

H1: µ1 is not equal to µ2  

H1: µ1 > µ2  

H1: µ1 < µ2  
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